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013.11.0Abstract This work suggests a new analytical technique called the fractional homotopy analysis
transform method (FHATM) for solving fractional Fornberg–Whitham equation. The fractional
homotopy analysis transform method is an innovative adjustment in Laplace transform algorithm
(LTA) and makes the calculation much simpler. In this paper, it can be observed that auxiliary
parameter ⁄, which controls the convergence of the FHATM approximate series solutions, also
can be used in predicting and calculating multiple solutions. This is basic and more qualitative dif-
ference in analysis between FHATM and other methods. The solutions obtained by proposed
method indicate that the approach is easy to implement and computationally very attractive. The
proposed method is illustrated by solving numerical example.
ª 2013 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University.1. Introduction
In the past few decades, fractional differential equations (FDEs)
have been the focus of many studies due to their frequent
appearances in various applications in ﬂuid mechanics, visco-
elasticity, biology, physics, electrical network, control theoryc.in, skiitbhu28@gmail.com.
lty of Engineering, Alexandria
g by Elsevier
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04of dynamical systems, Chemical physics, optics and signal pro-
cessing, as they can be modeled by linear and non-linear frac-
tional order differential equations. Fractional order ordinary
differential equations, as generalizations of classical integer or-
der ordinary differential equations. Fractional derivatives pro-
vide an excellent instrument for the description of memory
and hereditary properties of various materials and processes.
Half-order derivatives and integrals proved to be more useful
for the formulation of certain electrochemical problems than
the classical models [1–4]. Nonlinear fractional partial differen-
tial equations havemany applications in various ﬁelds of science
and engineering such as ﬂuidmechanics, thermodynamics, mass
and heat transfer, and micro-electro mechanics system.
The Fornberg–Whitham equation was ﬁrst proposed for
studying the qualitative behavior of wave breaking [5]. The
Fornberg–Whitham equation can be written asaculty of Engineering, Alexandria University.
226 S. Kumarut  uxxt þ ux ¼ uuxxx  uux þ 3uxuxx; t > 0; ð1:1Þ
where u(x, t) is the ﬂuid velocity, t is the time, and x is the spa-
tial co-ordinate. In 1978, Fornberg and Whitham obtained a
peaked solution uðx; tÞ ¼ Ae12 x43tj j with an arbitrary constant
A [6]. The different types of Fornberg–Whitham equations in
physics have been solved by Abidi and Omrani [7], Gupta
and Singh [8], Lu [9], Sakar et al. [10]. Chen et al. [11], Yin
et al. [12], Zhou and Tian [13], He et al. [14], Fan et al. [15],
Jiang and Bi [16].
In this paper, the homotopy analysis transform method
(HATM) basically illustrates how the Laplace transform can
be used to approximate the solutions of the linear and nonlin-
ear fractional differential equations by manipulating the
homotopy analysis method. The proposed method is coupling
of the homotopy analysis method and Laplace transform
method. The main advantage of this proposed method is its
capability of combining two powerful methods for obtaining
rapid convergent series for fractional partial differential equa-
tions. Homotopy analysis method (HAM) was ﬁrst proposed
and applied by Liao [17–20] based on homotopy, a fundamen-
tal concept in topology and differential geometry. The HAM is
based on construction of a homotopy which continuously de-
forms an initial guess approximation to the exact solution of
the given problem. An auxiliary linear operator is chosen to
construct the homotopy and an auxiliary parameter is used
to control the region of convergence of the solution series.
The HAM provides greater ﬂexibility in choosing initial
approximations and auxiliary linear operators and hence a
complicated nonlinear problem can be transformed into an
inﬁnite number of simpler, linear sub problems, as shown by
Liao and Tan [21]. The HAM has been successfully applied
by many researchers for solving linear and non-linear partial
differential equations [22–34]. In recent years, many authors
have paid attention to studying the solutions of linear and non-
linear partial differential equations by using various methods
with combined the Laplace transform. Among these are the
Laplace decomposition methods [35,36], homotopy perturba-
tion transform method [37–41]. Recently, many researchers
[42–45] have applied to obtain the solutions of the many differ-
ential and integral equations by coupling of homotopy analysis
and Laplace transform method. Recently, many researchers
[46–48] have solved differential and integral equations by using
optimal homotopy asymptotic method.
This paper is committed to the study of time fractional
Fornberg–Whitham equation by using new fractional homoto-
py analysis transform method. Using the appropriate initial
condition, the approximate analytical solutions for different
fractional Brownian motions and also for standard motion
are obtained. The variation on the approximate solutions is de-
picted through graphically and error analysis shows the accu-
racy of the approximate analytical solutions. This equation
can be written in time fractional operator form as
Dat uDxxtuþDxu ¼ uDxxxu uDxuþ 3DxuDxxu;
t > 0; 0 < a 6 1; ð1:2Þ
with initial condition u0ðx; tÞ ¼ 43 exp x2
 
and a is parameter
describing the order of the time fractional derivative and lie
in the interval (0,1]. We remark that the exact travelling wave
solution uðx; tÞ ¼ 4
3
exp 1
2
x 2
3
t
 
to the above initial value
problem is given by [8].Deﬁnition 1.1. The Laplace transform of the function f(t) is
deﬁned by
FðsÞ ¼ L½fðtÞ ¼
Z 1
0
estfðtÞdt: ð1:3Þ
Deﬁnition 1.2. The Laplace transform L[u(x, t)] of the Rie-
mann–Liouville fractional integral is deﬁned as [4]:
L½Iat uðx; tÞ ¼ saL½uðx; tÞ: ð1:4Þ
Deﬁnition 1.3. The Laplace transform L[u(x, t)] of the Caputo
fractional derivative is deﬁned as [4]
L½Dnat uðx; tÞ ¼ snaL½uðx; tÞ 
Xn1
k¼0
sðnak1ÞuðkÞðx; 0Þ;
n 1 < na 6 n: ð1:5Þ2. Basic idea of newly fractional homotopy analysis transform
method (FHATM)
To illustrate the basic idea of the FHATM for the fractional
partial differential equation, we consider the following frac-
tional partial differential equation as:
Dnat uðx; tÞ þ R½xuðx; tÞ þN½xuðx; tÞ ¼ gðx; tÞ;
t > 0; x 2 R; n 1 < na 6 n; ð2:1Þ
where Dnat ¼ @
na
@tna
;R½x is the linear operator in x, N[x] is the
general nonlinear operator in x, and g(x, t) are continuous
functions. For simplicity we ignore all initial and boundary
conditions, which can be treated in similar way. Now the meth-
odology consists of applying Laplace transform ﬁrst on both
sides of Eq. (2.1), we get
L½Dnat uðx; tÞ þ L½R½xuðx; tÞ þN½xuðx; tÞ ¼ L½gðx; tÞ: ð2:2Þ
Now, using the differentiation property of the Laplace trans-
form, we have
L½uðx; tÞ  1
sna
Xn1
k¼0
sðnak1Þukðx; 0Þ þ 1
sna
LðR½xuðx; tÞ
þN½xuðx; tÞ  gðx; tÞÞ
¼ 0: ð2:3Þ
We deﬁne the nonlinear operator
g½/ðr; t; qÞ ¼ L½/ðx; t; qÞ  1
sna
Xn1
k¼0
sðnak1Þukðx; 0Þ
þ 1
sna
LðR½xuðx; tÞ þN½xuðx; tÞ  gðx; tÞÞ; ð2:4Þ
where q e [0,1] be an embedding parameter and /(x, t;q) is the
real function of x, t and q. By means of generalizing the tradi-
tional homotopy methods, the great mathematician Liao [17–
21] construct the zero order deformation equation
An analytical algorithm for nonlinear fractional 227ð1 qÞL½/ðx; t; qÞ  u0ðx; tÞ ¼ hqHðx; tÞg½/ðx; t : qÞ; ð2:5Þ
where ⁄ is a nonzero auxiliary parameter, H(x, t) „ 0 an auxil-
iary function, u0(x, t) is an initial guess of u(x, t) and /(x, t;q) is
an unknown function. It is important that one has great free-
dom to choose auxiliary thing in FHATM. Obviously, when
q= 0 and q= 1, it holds
/ðx; t; 0Þ ¼ u0ðx; tÞ; /ðx; t; 1Þ ¼ uðx; tÞ; ð2:6Þ
respectively. Thus, as q increases from 0 to 1, the solution var-
ies from the initial guess u0(x, t) to the solution u(x, t). Expand-
ing /(x, t;q) in Taylor’s series with respect to q, we have
/ðx; t; qÞ ¼ u0ðx; tÞ þ
X1
m¼1
qmumðx; tÞ; ð2:7Þ
where
umðx; tÞ ¼ 1
m!
@m/ðx; t; qÞ
@qm

q¼0
: ð2:8Þ
The convergence of series solution (2.7) is controlled by ⁄. If
the auxiliary linear operator, the initial guess, the auxiliary
parameter ⁄, and the auxiliary function are properly chosen,
the series (2.7) converges at q= 1, we have
uðx; tÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ; ð2:9Þ
which must be one of the solutions of original nonlinear equa-
tions. The above expression provides us with a relationship be-
tween the initial guess u0(x, t) and the exact solution u(x, t) by
means of the terms um(x, t) (m= 1,2,3, . . .), which are still to
be determined.
Deﬁnes the vectors
~un ¼ fu0ðx; tÞ; u1ðx; tÞ; u2ðx; tÞ; :::; unðx; tÞg: ð2:10Þ
Differentiating the zero order deformation Eq. (2.5) m time
with respect to embedding parameter q and then setting
q= 0 and ﬁnally dividing them by m! we obtain the mth order
deformation equation
L½umðx; tÞ  vmum1ðx; tÞ ¼ hqHðx; tÞRmð~um1; x; tÞ: ð2:11Þ
Operating the inverse Laplace transform on both sides, we get
umðx; tÞ ¼ vmum1ðx; tÞ þ hqL1½Hðx; tÞRmð~um1; x; tÞ; ð2:12Þ
where
Rmð~um1; x; tÞ ¼ 1ðm 1Þ!
@m1/ðx; t; qÞ
@qm1

q¼0
; ð2:13Þ
and
vm ¼
0; m 6 1;
1; m > 1:

In this way, it is easily to obtain um(x, t) for mP 1, atMth or-
der, we have
uðx; tÞ ¼
XM
m¼0
umðx; tÞ; ð2:14Þ
when Mﬁ1 we get an accurate approximation of the origi-
nal equation (2.1).3. Convergence study by newly iterative method
We ﬁrst consider the following time-fractional Fornberg–Whi-
tham equation [11,12] as
Dat u uxxt þ ux ¼ uuxxx  uux þ 3uxuxx; t > 0; 0 < a 6 1;
ð3:1Þ
with initial condition
uðx; 0Þ ¼ 4
3
exp
x
2
 
: ð3:2Þ
Applying the Laplace transform on both sides in Eq. (3.1) and
after using the differentiation property of Laplace transform
for fractional derivative, we get
saL½uðx; tÞ sa1uðx;0ÞþL½uxuxxtuuxxxþuux3uxuxx ¼ 0: ð3:3Þ
On simplifying
L½uðx;tÞ 4
3s
ex=2þ saL½uxuxxtuuxxxþuux3uxuxx ¼ 0: ð3:4Þ
We choose the linear operator as
£½/ðx; t; qÞ ¼ L½/ðx; t; qÞ; ð3:5Þ
with property £½c ¼ 0, where c is constant.
We now deﬁne a nonlinear operator as
g½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  4
3s
ex=2 þ saL½/x  /xxt
 //xxx þ //x  3/x/xx: ð3:6Þ
Using above deﬁnition, with assumption H(x, t) = 1, we con-
struct the zeroth order deformation equation
ð1 qÞ£½/ðx; t; qÞ  u0ðx; tÞ ¼ qhg½/ðx; t; qÞ: ð3:7Þ
Obviously, when q= 0 and q= 1,
/ðx; t; 0Þ ¼ u0ðx; tÞ; /ðx; t; 1Þ ¼ uðx; tÞ: ð3:8Þ
Thus, we obtain the mth order deformation equation
L½umðx; tÞ  vmum1ðx; tÞ ¼ hRmð~um1; x; tÞ: ð3:9Þ
Operating the inverse Laplace transform on both sides in Eq.
(3.9), we get
umðx; tÞ ¼ vmum1ðx; tÞ þ hqL1½Rmð~um1; x; tÞ; ð3:10Þ
where
Rmð~um1; x; tÞ ¼ L½um1ðx; tÞ  4ð1 vmÞ
3s
ex=2
þ saL½ðum1Þx  ðum1Þxxt

Xm1
k¼0
um1kðukÞxxx þ
Xm1
k¼0
um1kðukÞx
 3
Xm1
k¼0
ðum1kÞxðukÞxx; mP 1: ð3:11Þ
Now the solution of mth order deformation equations (3.9)
umðx; tÞ ¼ ðvm þ hÞum1 
4
3
hð1 vmÞex=2
þ hL1 saL ðum1Þx  ðum1Þxxt 
Xm1
k¼0
um1kðukÞxxx
" 
þ
Xm1
k¼0
um1kðukÞx  3
Xm1
k¼0
ðum1kÞxðukÞxx
#!
: ð3:12Þ
228 S. KumarWe start with initial condition u0ðx; tÞ ¼ uðx; 0Þ ¼ 43 ex=2 and
the iterative scheme (3.12), we obtain the various iterates
u1ðx; tÞ ¼ 2he
x=2ta
3Cðaþ 1Þ ;
u2ðx; tÞ ¼ 2hð1þ hÞe
x=2ta
3Cðaþ 1Þ 
h2ex=2t2a1
6Cð2aÞ þ
h2ex=2t2a
3Cð2aþ 1Þ ;
u3ðx; tÞ ¼ 2h 1þ hð Þ
2
ex=2ta
3Cðaþ 1Þ 
h2ð1þ hÞex=2t2a1
3Cð2aÞ
þ 2h
2ð1þ hÞex=2t2a
3Cð2aþ 1Þ 
h3ex=2t3a1
6Cð3aÞ þ
h3ð2a 1Þex=2t3a2
48aCð3a 1Þ
þ h
3ex=2t3a
6Cð3aþ 1Þ :
Proceeding in this manner, the rest of the components un(x, t)
for nP 4 can be completely obtained and the series solutions
are thus entirely determined. Finally, we have
uðx; tÞ ¼ u0ðx; tÞ þ
X9
m¼1
umðx; tÞ: ð3:13Þ
Setting ⁄= 1 and a= 1 in the above expressions are exactly
the same as those given by the homotopy analysis method byFig. 1 Three dimensional surfaces show the exact solution
u(x, t).
Fig. 2 Three dimensional surfaces show the approximate solu-
tions u9(x, t) at a= 1.Liao [11]. However, mostly, the results given by the Adomian
decomposition method and homotopy perturbation method
converge to the corresponding numerical solutions in a rather
small region. But, different from those two methods, the frac-
tional homotopy analysis transform method provides us with a
simple way to adjust and control the convergence region of
solution series by choosing a proper value for the auxiliary
parameter ⁄.
Figs. 1 and 2 show the graphical comparison between the
exact and approximate solution obtained by proposed tech-
nique. It is seen from Figs. 1 and 2 the solution obtained by
the proposed method nearly identical to the known exact solu-
tion. It is seen from that the approximate analytical solution
obtained by proposed method increases very rapidly with the
increases in x and t. Figs. 3 and 4 show the approximate solu-
tions for a= 0.9 and 0.8.
There exist some techniques to accelerate the convergence
of series solution (3.13) and increase the convergence region.
Among those, the homotopy-Pade´ technique is widely applied.
The homotopy-Pade´ technique is combination of the Pade´
technique with the homotopy analysis method [18]. The corre-
sponding [m,n] Pade approximant for /(x, t;q) about the
embedding parameter q, is expressed by
/ðx; t; qÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞqm
¼
Pm
k¼0Am;kðx; tÞqkPn
k¼0Bm;kðx; tÞqk
; ð3:14Þ
where Am,k(x, t) and Bm,k(x, t) are polynomial and entirely
determined by the set of approximations
u0ðx; tÞ; u1ðx; tÞ; u2ðx; tÞ; :::; umþnðx; tÞ:
Putting q= 1 the [m,n] homotopy Pade´ approximant is ob-
tained as
/ðx; t; 1Þ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ ¼
Pm
k¼0Am;kðx; tÞPn
k¼0Bm;kðx; tÞ
: ð3:15Þ
The homotopy-Pade´ approximation enlarges the convergences
region and rate of solution series given by HAM. This is valid
even when the time span is increased.Fig. 3 Three dimensional surfaces show the approximate solu-
tions u9(x, t) at a= 0.9.
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Fig. 6 Plot of approximate solutions u9(x, t) for different value
of a= 80.7, 0.8, 0.9, 1 at x= 1.
Fig. 4 Three dimensional surfaces show the approximate solu-
tions u9(x, t) at a= 0.8.
An analytical algorithm for nonlinear fractional 2294. Numerical result and discussion
The simplicity and accuracy of the proposed method
is illustrated by computing the absolute error
E9(u) = |u(x, t)  u9(x, t)|, where u(x, t) the exact and u9(x, t)
is approximate solution of (3.1) obtained by truncating the
respective solution series (2.9) at level m= 9. Fig. 5 represents
the absolute error which show our approximate solution
u9(x, t) converges to the exact solution very rapidly. From
Fig. 5 of absolute error, it is seen that our approximate
solutions obtained by fractional homotopy analysis
transform method converges very rapidly to the exact
solutions in only 9th order approximations i.e. approximate
solutions is very near to the exact solutions. It achieves a high
level of accuracy. The accuracy of the result can be improved
by introducing more terms of the approximate solutions
(see Fig. 6).
As pointed out by Liao [19], the convergence and rate of
approximation for the HAM solution strongly depends on
the value of auxiliary parameter ⁄. Even if the initial approxi-
mation u0(x, t) the auxiliary linear operator L, and the auxil-
iary function H(x, t) are given, we still have great freedom to
choose the value of the auxiliary parameter ⁄. So, the auxiliary
parameter ⁄ provides us with an additional way to conve-
niently adjust and control the convergence region and rate ofFig. 5 Plot of absolute error E9(u) = |u(x, t)  u9(x, t)| at a= 1.solution series. By means of the so-called ⁄-curves it is easy
to ﬁnd out the so-called valid regions of ⁄ to gain a convergent
solution series. When the valid region of ⁄ is a horizontal line
segment then the solution is converged.
Fig. 7 shows the ⁄-curve obtained from the 9th-order
HATM approximation solution of time fractional Fornberg–
Whitham equation (1.2) at x= 0.5. In our study, it is obvious
from Fig. 7 that the acceptable range of auxiliary parameter ⁄
is 2.50 6 ⁄< 0. We still have freedom to choose the auxil-
iary parameter according to ⁄ curve. From Fig. 7, the valid re-
gions of convergence correspond to the line segments nearly
parallel to the horizontal axis.
From Table 1, it is observed that the values of the approx-
imate solution at different grid points obtained by the pro-
posed method are close to the values of the exact solution
with high accuracy at the level m= 9. It can also be noted that
the accuracy increases as the value of n increases.
5. Concluding remarks
This paper develops an effective and new coupling method of
homotopy analysis method and Laplace transform method for
time fractional Fornberg–Whitham equation. The method
gives more realistic series solutions that converge very rapidly
in physical problems. It is worth mentioning that the method is
capable of reducing the volume of the computational work as-3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0.0
-100
-50
0
50

Fig. 7 Plot of ⁄ curves for different value of a= 80.7, 0.8, 0.9, 1
at x= 1.
Table 1 Comparison between the exact solution and 9th term approximations.
x t Exact solution h= 1
a= 1 a= 0.9 E9(u) = |u  u9| for a= 1
0.5 0.5 1.22672588 1.22672568 1.17837135 2.03785 · 107
0.5 1.0 0.87898751 0.87898813 0.88186397 6.24504 · 107
0.5 1.5 0.62982207 0.62982120 0.68195841 6.24504 · 107
0.5 2.0 0.45128723 0.45128582 0.54004501 1.41255 · 106
1.0 0.5 1.57514722 1.57514695 1.51305876 2.61665 · 107
1.0 1.0 1.12864229 1.12864310 1.13233575 8.01879 · 107
1.0 1.5 0.80870755 0.80870649 0.87565193 1.11235 · 106
1.0 2.0 0.57946427 0.57946246 0.69343152 1.81375 · 106
1.5 0.5 2.02252906 2.02252872 1.9428059 3.35985 · 107
1.5 1.0 1.44920539 1.44920642 1.45394789 1.02963 · 106
1.5 1.5 1.03840104 1.03839961 1.12435933 1.42828 · 106
1.5 2.0 0.74404686 0.74404453 0.89038369 2.3289 · 106
230 S. Kumarcompared to the classical methods with high accuracy of the
numerical result and will considerably beneﬁt mathematicians
and scientists working in the ﬁeld of partial differential equa-
tions. We have discussed the methodology for the construction
of these schemes and studied their performance on test prob-
lem. An excellent agreement is achieved. The solution is very
rapidly convergent by utilizing the new homotopy analysis
method by modiﬁcation of Laplace transform. It may be con-
cluded that the FHATM methodology is very powerful and
efﬁcient in ﬁnding approximate solutions as well as analytical
solutions of many fractional physical models.Acknowledgements
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